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SECONDARY LS CATEGORY OF MEASURED LAMINATIONS
CARLOS MENIN˜O COTO´N
Abstract. In [11, 12, 13], we have introduced a version of the tangential LS
category [5] for foliated spaces depending on a transverse invariant measure,
called the measured category. Unfortunately, the measured category vanishes
easily. When it is zero, the rate of convergence to zero of the quantity involved
in the definition, by taking arbitrarily large homotopies, gives a new invariant,
called the secondary measured category. Several versions of classical results
are proved for the secondary measured category. It is also shown that the
secondary measured category is a transverse invariant related to the growth of
pseudogroups.
1. Introduction
The LS category is a homotopy invariant given by the minimum number of open
subsets contractible within a topological space needed to cover it. It was introduced
by L. Lusternik and L. Schnirelmann in 1930’s in the setting of variational problems.
Many variations of this invariant has been given. In particular, E. Mac´ıas and
H. Colman introduced a tangential version for foliations, where they use leafwise
contractions to transversals [4, 5]. In [11, 12, 13], we defined another version of
the tangential category called measured LS category. We show that this invariant
is zero in many dynamically interesting examples. So we are going to introduce
dynamics in the definition of the measured category giving rise to the secondary
category.
We begin the paper with a brief introduction on laminations, tangential category
and measured category . Also, we show what is the reason underlying the nullity
of the measured category in interesting dynamics.
We continue introducing the secondary version of the measured LS category for
laminations on compact spaces. For each positive integer n, the n-measured LS
category is defined like the measured LS category by considering only deformations
of (leafwise) length ≤ n, where the length of a deformation is the maximun length
of its leafwise paths, defined by using chains of plaques of a fixed foliated atlas, or
by using a Riemannian metric in the case of smooth foliations. The measured LS
category is zero just when the n-measured LS category tends to zero as n → ∞.
In this case, the secondary category is defined as the growth type of the sequence
of inverses of n-measured LS categories. Secondary category can be defined also
at the level of pseudogroups and we obtain that it is in fact a transverse invariant
(considering good generators on the pseudogroup).
Finally, we study its relation with the growth of groups and pseudogroups (see
e.g. [17]), obtaining a relation between these growth types and an equality in the
case of free suspensions by Rohlin groups [15]. This final result allows to compute
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our invariant in simple examples and give us a criteria to find groups that do not
satisfy the Rohlin condition.
2. Definition of the Λ-category
We refer to [3] for the basic notion and definitions about laminations, foli-
ated chart, foliated atlas, holonomy pseudogroup and transverse invariant measure.
They are recalled here in order to fix notations.
A Polish space is a second countable and complete metrizable space. Let X
be a Polish space. A foliated chart in X is a pair (U,ϕ) such that U is an open
subset of X and ϕ : U → Bn × S is an homeomorphism, where Bn is an open ball
of Rn and S is a Polish space. The sets Bn × {∗} are called the plaques of the
chart, and the sets of the form ϕ−1({∗}× S) are called the associated transversals .
The map U → S is called the projection associated to (U,ϕ). A foliated atlas is a
family of foliated charts, {(Ui, ϕi)}i∈I , that covers X and the change of coordinates
between the charts preserves the plaques; i.e., they are locally of the form ϕi ◦
ϕ−1j (x, s) = (fij(x, s), gij(s)); these maps gij form the holonomy cocycle associated
to the foliated atlas. A lamination F on X is a maximal foliated atlas satisfying
the above hypothesis. The plaques of the foliated charts of a maximal foliated
atlas form a base of a finer topology of X , called the leaf topology. The connected
components of the leaf topology are called the leaves of the foliation. The dimension
of the lamination is the dimension of the plaques when all of them are open sets of
the same Euclidean space.
A foliated atlas, U = {(Ui, ϕi)}i∈N, is called regular if it satisfies the following
properties:
(a) It is locally finite.
(b) If a plaque P of any foliated chart (Ui, ϕi) meets another foliated chart
(Uj , ϕj), then P ∩ Uj is contained in only one plaque of (Uj , ϕj).
(c) If Ui∩Uj 6= ∅, then there exists a foliated chart (V, ψ) such that Ui∪Uj ⊂ V ,
ϕi = ψ|Ui and ϕj = ψ|Uj .
Any topological lamination admits a regular foliated atlas, also we can assume that
all the charts are locally compact. For a regular foliated atlas U = {(Ui, ϕi)}i∈N
with ϕi : Ui → Bi,n × Si, the maps gij generate a pseudogroup on
⊔
i Si. Holo-
nomy pseudogroups defined by different foliated atlases are equivalent in the sense
of [7], and the corresponding equivalence class is called the holonomy pseudogroup
of the lamination; it contains all the information about its transverse dynamics.
A transversal T is a topological set of X so that, for every foliated chart, (U,ϕ),
the corresponding projection restricts to a local homeomorphism U ∩ T → S. A
transversal is said to be complete if it meets every leaf. On any complete transver-
sal, there is a representative of the holonomy psudogroup which is equivalent to
the representative defined by any foliated atlas via the projection maps defined by
its charts. A transverse invariant measure is a measure on the space of any rep-
resentative of the holonomy psudogroup invariant by its local transformations; in
particular, it can be given as a measure on a complete transversal invariant by the
corresponding representative of the holonomy pseudogroup. A transverse set is a
measurable set that meets each leaf in a countable set. Any transverse invariant
measure can be extended to all transverse sets so that they become invariant by
measurable transformations that keep each point in the same leaf [6].
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Observe that a measure is regular if the measure of a set B is the infimum of
the measures of the open sets containing it and the supremum of the measures of
compact sets contained in B. Note that measures in the conditions of the Riesz
representation theorem are regular, so it is not a very restrictive condition on mea-
sures.
Remark 2.1. Observe that the tangential model of the charts could be changed
in order to give a more general notion of lamination: instead of taking open balls
of Rn as Bn, we could take connected and locally contractible Polish spaces or
separable Hilbert spaces. Also, it is possible to define the notion of Cr foliated
structure by assuming that the tangential part of changes of coordinates are Cr,
with the leafwise derivatives of order ≤ r depending continuously on the transverse
coordinates. We can speak about regular atlases in Hilbert laminations but we
cannot assume that its foliated charts are locally compact.
Let us recall the definition of tangential category [4, 5]. A lamination (X,F)
induces a foliated measurable structure FU in each open set U . The space U × R
admits an obvious foliated structure FU×R whose leaves are products of leaves of
FU and R. Let (Y,G) be another measurable lamination. A foliated map H :
FU×R → G is called a tangential homotopy, and it is said that the maps H(·, 0)
and H(·, 1) are tangentially homotopic. We use the term tangential deformation
when G = F and H(−, 0) is the inclusion map of U . A deformation such that
H(−, 1) is constant on the leaves of FU is called a tangential contraction or an
F -contraction; in this case, U is called a tangentially categorical or F -categorical
open set. The tangential category is the lowest number of categorical open sets that
cover the measurable lamination. On one leaf foliations, this definition agrees with
the classical category. The category of F is denoted by Cat(F). It is clear that it
is a tangential homotopy invariant.
The following result is about the structure of a tangentially categorical open set.
Lemma 2.2 (Singhof-Vogt [16]). Let F be a foliation of dimension m and codi-
mension n on a manifold M , let U be an F-categorical open set, let x ∈ U , let
D ⊂ U be a transverse manifold of dimension n, and suppose that x belongs to the
interior of D. Then there exists a neighborhood E of x in D such that any leaf of
FU meets E in at most one point.
Therefore, the final step of a tangential contraction is a countable union of local
transversals of the foliation. Therefore it can be measured by a transverse invariant
measure.
Let Λ be a transverse invariant measure for F and let U be a tangentially cate-
gorical open set. Define
τΛ(U) = inf{Λ(H(U × {1}) | H is a tangential contraction of U } .
Then the Λ-category of (F ,Λ) is defined as
Cat(F ,Λ) = infU
∑
U∈U
τΛ(U) ,
where U runs in the coverings of X by F -categorical open sets. Observe that, for
one leaf laminations with the transverse invariant measure given by the counting
measure, the measured category agrees with the classical LS category.
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3. Nullity of the Λ-category
Λ-category inherits some of the properties of the tangential and classical LS
category , like homotopy invariance or a relation with the measure of the leafwise
critical points of differentiable maps [11]. But we are interesting in the behavior of
the Λ-category in interesting dynamics like minimal or ergodic laminations. Min-
imal sets are nuclear in the theory of dynamical systems and foliations. We shall
show that, under general conditions, Λ-category is zero.
Definition 3.1. Let (X,F ,Λ) be a lamination with a transverse invariant measure.
A null-transverse set is a transverse set B such that Λ(B) = 0.
The following propositions are elementary.
Proposition 3.2. Let (X,F ,Λ) be a lamination with a transverse invariant mea-
sure, and let B be a null-transverse set. Then Cat(F ,Λ) can be computed by using
only coverings of X \sat(B) by open sets in X, where sat(B) denotes the saturation
of B in F . If B is saturated and closed, then Cat(F ,Λ) = Cat(FX\B,ΛX\B).
Now, we explain an important lemma that allows us to cut tangentially categori-
cal open sets into small ones, in order to compute the Λ-category when the measure
is finite on compact sets. In this process, a null transverse set is generated, but we
know that this kind of set can be removed in the computation of Λ-category.
Lemma 3.3. Let (F ,Λ) be a lamination with a transverse invariant measure that
is finite on compact sets. Let U be a tangentially categorical open set and let T be
a complete transversal. Then there exist a partition {F,Un}n∈N of U such that F
is a closed and null transverse set, each Un is open, and there exists a tangential
homotopy H :
⋃
n Un × R→ F such that H(
⋃
n Un × {1}) ⊂ T .
Proof. Let G be a tangential contraction of U . By Lemma 2.2, H(U × {1}) = S is
a countable union of transversals. Therefore there exist a countable covering of S,
S =
⋃
i Si, by transversals such that, for each i ∈ N, there exists a holonomy map hi
with domain Si and image contained in T (since T is a complete transversal). Each
hi induce a tangential deformationH
i : Si×R→ F such thatHi(Si×{1}) = hi(Si).
By Lemma ??, we can suppose that Λ(∂Si) = 0 for i ∈ N.
Now, take T1 = S1 and define recursively Tn = int(Vn \
⋃n−1
i=1 Si) and K =
U \
⋃
n Tn. Of course, K is closed in S and it is null transverse since K ⊂⋃
i ∂Si. Finally, we obtain the partition by taking Un = H(−, 1)
−1(Tn) and
F = H(−, 0)−1(K). The tangential contraction H for
⋃
n Un is defined as follows:
H(x, t) =
{
G(x, 2t) if t ≤ 1
2
Hi(G(x, 1), 2t− 1) if t ≥ 1
2
and x ∈ Ui . 
The way to define deformations used in the above prove will be useful in other
sections of this work. This idea is specified by defining the following homotopy
operation.
Definition 3.4. LetH : X×R→ Y and G : Z×R→ Y be tangential deformations
(hence it is supposed that X,Z ⊂ Y , and H(−, 0) and G(−, 0) are inclusion maps)
such that H(X × {1}) ⊂ Z. Then let H ∗G be the the tangential deformation of
X defined by:
H ∗G(x, t) =
{
H(x, 2t) if t ≤ 1
2
G(H(x, 1), 2t− 1) if t ≥ 1
2
.
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Classical LS category is upper bounded by the dimension of the given space plus
one. The classical result due to W. Singhof and E. Vogt [16] states that, for any
C2 lamination F on a compact manifold, Cat(F) ≤ dimF + 1. We shall give an
adaptation of these results to Λ-category. The vanishing result of Λ-category in
minimal laminations will be a corollary of that.
Proposition 3.5. Let U be a tangentially categorical set, T a complete topological
transversal, H a tangential contraction for U and ε > 0. Suppose that Λ is finite
in compact sets. Then there exists two open sets V,W covering U and tangential
contractions HV , HW of each V and W respectively such that
Λ(HV (V × {1})) + Λ(HW (W × {1})) ≤ Λ(T ) + ε
Proof. Observe that TH = H(U × {1}) is a transverse set (by Lemma 2.2); in fact,
for any x ∈ U , there exists an FU -saturated open neighborhood Ux ⊂ U such that
H(Ux × {1}) is a transversal associated to some foliated chart. Hence, since T
is a complete transversal we can consider that each H(Ux × {1}) is inserted by a
holonomy map into T . By using Lemma 3.3, there exists a partition {F, V } of U
such that F is closed in U and null transverse, and V is an open set so that there
exist a tangential contraction HV : V × R → F satisfying H(V × {1}) ⊂ T . Now,
observe that Λ(H(F ×{1}) = 0. Since Λ is externally regular on σ-compact sets (by
the finiteness on compact sets), there exists an open neighborhood S of H(F ×{1})
in TH such that Λ(S) < ε. Let W = H(−, 1)−1(S). Clearly, these V and W satisfy
the stated conditions. 
Theorem 3.6. Let (M,F ,Λ) be a C2 foliated compact manifold with a transverse
invariant measure that is finite in compact sets. Let T be a complete transversal of
F . Then
Cat(F ,Λ) ≤ (dimF + 1) · Λ(T ) .
Proof. Since Cat(F) ≤ dimF + 1, we can use Proposition 3.5 with dimF + 1
tangentially categorical open sets covering M . Then
Cat(F ,Λ) ≤ (dimF + 1) · (Λ(T ) + ε)
for all ε > 0. 
Corollary 3.7. Let (X,F) a minimal foliated manifold and let Λ be a transverse
invariant measure of F that is regular without atoms. Then Cat(F ,Λ) = 0.
A similar resut can be stated for ergodic laminations and, in general, in any
lamination where there exists complete transversals with arbitrarily small measure.
Remark that the regularity condition in the measure is essential in the previous
corollary. By using suspensions of the diffeomorphisms given in [?] we can obtain
minimal flows on the torus with positive Λ-category.
4. Secondary Λ-category
In this section, we introduce a refinement of the definition of the Λ-category.
The Λ-category is zero in many interesting cases, as follows from the dimensional
upper bound (see Corollary 3.7). Now, we focus on the rate of convergence to zero
of the expression that defines the Λ-category; this rate will be called the secondary
Λ-category.
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Let (X,F) be a lamination on a compact Polish space. For a fixed finite regular
atlas U of F , recall that a chain of plaques of U is a finite sequence of plaques
of charts in U such that each plaque meets the next one. The length of a chain
of plaques is its number of elements plus one. For x, y ∈ M in the same leaf, let
dU (x, y) be the minimum length of a chain of plaques of U such that the first and
last ones contain x and y, respectively. If x and y are points in different leaves,
we set dU (x, y) = ∞. This defines a function dU : M ×M → N ∪ {∞} that is
symmetric and satisfies the triangle inequality (it is called a coarse metric in [8]).
Moreover dU (x, y) <∞ if and only if x and y are in the same leaf, and dU (x, y) = 1
if and only if there is some plaque containing x and y. For x ∈M and X ⊂M , let
dU (x,X) = miny∈X dU(x, y). The length relative to U of a path σ on the leaves,
denoted by length(σ) (or more explicitly, lengthU (σ)), is the minimum length of a
chain of plaques in U covering σ. When F is C1, we can fix a Riemannian metric
g on the leaves that varies continuously in the transverse direction. Then, if σ is
Lipschitz, its length length(σ) can be also given by g; in this case, the notation
lengthg(σ) can be also used. From the compactness of X , it follows that there is
some A ≥ 1 and B ≥ 0 such that
1
A
lengthg(σ) −B ≤ lengthU(σ) ≤ A lengthg(σ) +B
for all σ. Because of this, both definitions of length will work equally well for
our purposes. Then we preferably use the length given by a regular atlas since
it is defined with more generality. The length of a tangential deformation is the
supremum of the lengths of the induced leafwise paths; if the length is defined by
a leafwise Riemannian metric, we assume that the deformation is Lipschitz.
Let Λ be a transverse invariant measure of F such that Cat(F ,Λ) = 0. In the
rest of this section, we assume that Λ is regular and finite on compact sets.
Definition 4.1. Let Cat(F ,Λ, r) be defined like the Λ-category by using only tan-
gential deformations of length ≤ r. If we use a finite covering U to define the length,
then the more explicit notation Cat(F ,Λ, r,U) can be used. If we use a leafwise
Riemannian metric g to define the length, then we consider only Lipschitz deforma-
tions in the definition of Cat(F ,Λ, r), and the more explicit notation Cat(F ,Λ, r, g)
can be used.
Observe that Cat(F ,Λ, n,U) is a non-increasing sequence of positive numbers
that converges to Cat(F ,Λ) = 0.
Remark 4.2. It is also true for Cat(F ,Λ, n) that a null transverse set is unessen-
tial for its computation. Any σ-compact null transverse set can be covered by
tangentially contractible open sets contained in charts such that each chart has a
contraction of lengthU ≤ 1, and the sum of the measures of the final deformations
are arbitrarily small (see Proposition 3.2).
Definition 4.3 (Growth types). Let I be the set of non-negative non-decreasing
sequences.
I = { g : N→ [0,∞) | g(n) ≤ g(n+ 1) ∀n ∈ N } .
A preorder “” on I is defined by setting g  h if ∃B ∈ N and ∃A > 0 so that
g(n) ≤ Ah(Bn) ∀n ∈ N. This preorder  induces an equivalence relation “≃” in I
defined by g ≃ h if g  h  g. The elements of the quotient set E = I/ ≃ are called
growth types of non-decreasing sequences and has the partial order “≤” induced by
“”. The equivalence class of g is denoted by [g].
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Notice that the sequence 1/Cat(F ,Λ, n,U) is non-decreasing.
Definition 4.4. The growth type of 1/Cat(F ,Λ, n,U) is called the secondary Λ-
category of F , and is denoted by CatII(F ,Λ,U).
Proposition 4.5. The secondary Λ-category is independent on the choice of U .
Proof. Let V be another finite regular atlas of F . There exists some integer C ≥ 1
such that each chart of U is covered by at most C charts of V . Hence any chain of
charts of U of length n ∈ N can be covered by a chain of charts of V of length ≤ Cn,
giving lengthU (σ) ≤ C lengthV(σ) for any leafwise path σ. Finally, any tangential
homotopy follows, locally, a chain of charts [16]. Hence any tangential homotopy of
lengthU ≤ n is of lengthV ≤ Cn, obtaining Cat(F ,Λ, Cn,V) ≤ Cat(F ,Λ, n,U) for
all n, and therefore CatII(F ,Λ,U) ≤ CatII(F ,Λ,V). The reverse inequality follows
with the same argument. 
According to Proposition 4.5, the secondary Λ-category is denoted by CatII(F ,Λ)
from now on. Since the ambient space is compact, the distorsions in the leafwise
length of homotopies given by a tangential homotopy equivalence are uniformly
bounded. Therefore the growth types involving the secondary Λ-categories are
the same. By using the same argument to show that the primary Λ-category is
invariant by measure preserving tangential homotopy equivalences [12], we obtain
the following.
Proposition 4.6. [11] The secondary Λ-category is invariant by measure preserving
tangential homotopy equivalences.
Let T be a complete transversal of F . Define Cat(F ,Λ, n,U , T ) in the same way
as Cat(F ,Λ, n,U) by taking only tangential contractions H : U × [0, 1] → F such
that H(U × {1}) ⊂ T .
Proposition 4.7. The growth types of
1
Cat(F ,Λ, n,U)
and
1
Cat(F ,Λ, n,U , T )
are equal.
Proof. By using the argument of Proposition 3.5, any tangentially contractible open
set U has a partition V1, . . . , Vk, F , where the sets Vi are open,
⋃
i Vi contracts to
a transversal contained in T , and F is a null-transverse set. By compactness, since
T is complete, the length of a deformation of
⋃
i Vi needed to reach T is bounded
by a constant independent of U : the ambient space can be covered by a sequence
of saturations of T in the charts of a regular foliated atlas; by compactness, there
is a finite number of them, and this number is the desired constant. By invariance,
the measure of the final step of this deformation is controlled by the measure of a
contraction of U . On the other hand the contribution of F can be made as small
as desired by using contractions of length 1 (in the charts of the atlas). 
5. Secondary category and growth of the holonomy pseudogroup
Now, we give a relation between secondary Λ-category and the growth type of
the holonomy group in the case of free suspensions. This result shows the deep
relation between the concepts of holonomy and tangential homotopy. The growth
rate of the group give us a clear lower bound for the secondary Λ-category. The
converse is true with suitable conditions given by the Rohlin tower theorem.
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Definition 5.1 (Growth of a group). Let G be a finitely generated group and let
S be a symmetric set of generators (here, “symmetric” means that the identity
element and the inverse of any element of S belong to S). For each g ∈ G, let lS(g)
be the minimum number n ∈ N such that g can be expressed by the composition
of at most n elements of S. Set Sn = { g ∈ G | lS(g) ≤ n }. The growth of G is the
growth type of the sequence #Sn, growth(G) = [#Sn].
The growth of a finitely generated group is independent of the choice of the finite
set of generators.
We give a version of the notion of growth for pseudogroups as follows. In the
case of pseudogroups, we have the operations of composition, inversion, restriction
to open sets and combination. A set of generators is a set of elements of the
pseudogroup such that any other transformation can be obtained from them by
using the above operations. We assume that the set is symmetric in the sense that
it contains the identity maps on the domains and images of its elements, and is
closed by inversion; thus inversion can be removed from the above operations.
Definition 5.2 (Growth of a pseudogroup [17]). Suppose that Γ is finitely gen-
erated. Choose a finite symmetric set of generators S and let Sn be the set of
transformations obtained by a composition of at most n elements of S. Finally we
define growthS(Γ) = [#Sn].
Let Λ be a probability measure on T invariant by Γ. LetK ⊂ T be the support of
Λ, which is a Γ-invariant closed subset of T . Then Γ induces a pseudogroup ΓΛ on
K, and a symmetric set S of generators of Γ induces a symmetric set of generators
SΛ of ΓΛ. The Λ-growth of Γ associated to S is growthS,Λ(Γ) = growthSΛ(ΓΛ).
The definition of growth of pseudogroups depends on the choice of the set of
generators.
Proposition 5.3 (Upper bound for the secondary Λ-category). CatII(F ,Λ) ≤
growthSU ,Λ(Γ), where S
U is the finite symmetric system of generators defined by a
regular foliated atlas U .
Proof. Since Cat(F ,Λ) = 0, we can suppose that Λ(T ) < ∞, or even Λ(T ) = 1,
where T is a disjoint union of transversals associated to charts of a regular finite
foliated atlas U . In order to compute the secondary Λ-category, we use U to define
the length of tangential homotopies, and Proposition 4.7 to consider only tangential
contractions finishing in T .
A finite family of holonomy transformations can be associated to any tangential
contraction of finite length since, locally, a tangential contraction follows a chain
of charts [?]. For each n ∈ N, let H : U × [0, 1] → F be a tangential contraction
such that U ∩ suppT (Λ) 6= ∅ and length(H) ≤ n. It is clear that each holonomy
transformation h locally defined by H on suppT (Λ) is a restriction of elements in
SU,Λn . Given any ε > 0, let U1, . . . , UN be tangentially categorical open sets covering
the ambient space, and let H1, . . . , HN be respective tangential contractions of
length ≤ n such that∑
i
Λ(Hi(Ui × {1})) < Cat(F ,Λ, n,U , T ) + ε .
Hence {Ui ∩ suppT (Λ)}
N
i=1 is a covering of suppT (Λ), and each H
i defines a finite
number of local holonomymaps obtained from SU,Λn by restriction. Let {h1, . . . , hK}
be the set of such holonomy maps, and let SU,Λn = {g1, . . . , gM}, where M = #S
Λ
n .
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We can suppose that each Ui has a partition {Ui,j, Fi}1≤j≤Ni , where Fi is a null
transverse set, and the sets Ui,j are open and so that each Ui,j ∩ suppT (Λ) is con-
tained in the dominion of some hk (see Proposition 3.5). For 1 ≤ i ≤ M , let Fi
denote the family of maps hj obtained from gi by restriction. All of the maps in Fi
can be combined to give another holonomy transformation qi which is a restriction
of gi; thus all the holonomy maps in Fi are restrictions of qi. Since the domains
of the maps qi cover suppT (Λ), it follows that there is some i0 ∈ {1, . . . ,M} such
that Λ(dom(qi0 )) ≥ 1/M . By the invariance of the measure,
1
M
≤ Λ(Im(qi0)) ≤
∑
i
Λ(Hi(Ui × {1}) < Cat(F ,Λ, n,U , T ) + ε .
The proof follows by taking ε > 0 arbitrarily small. 
Remark 5.4. In the case of foliations given by suspensions of free actions of finitely
generated groups on a locally compact Polish space, we can take the bound given
by the growth of the group.
6. Case of free suspensions with Rohlin groups
In this section, we see a family of examples where the inequality of Proposition 5.3
becomes an equality. They are the cases where the pseudogroup is generated by a
free action of a Rohlin group.
Definition 6.1 (Rohlin towers, Rohlin sets and Rohlin groups). Let G be a locally
compact, second countable and Hausdorff topological group acting on a standard
Borel space X , let Λ be an invariant probability measure on X , and let F ⊂ G be a
Borel subset. We say that a Borel set V ⊂ X is an F-base in X if FV =
⋃
f∈F f(V )
is Borel, Λ(FV ) > 0, and the sets f(V ) (f ∈ F ) are disjoint from each other. The
set FV in the previous definition is called an F -tower .
A relatively compact set F ⊂ G is called a Rohlin set if, for any free action of G
on a standard Borel space X with an invariant probability measure Λ and for any
ε > 0, there exists an F -tower FV ⊂ X with Λ(FV ) > 1− ε.
A topological group G as above is called a Rohlin group if, for any compact
subset K ⊂ G, there exists a Rohlin set F ⊂ G so that K ⊂ F .
Theorem 6.2 (C. Series [15]). Any locally compact, Hausdorff, second countable,
almost connected and amenable group is a Rohlin group.
Proposition 6.3 (Open approximation to a Rohlin tower). Let G be a discrete
Rohlin group acting freely on a locally compact Polish space T with a regular proba-
bility invariant measure Λ. Let F be a Rohlin set, and let ε > 0. Then there exists
a sequence {Vk}k∈N of open F -bases such that
∑
k Λ(FVk) > 1− ε.
Proof. Any Rohlin set F is finite since G is discrete and F is relatively compact
by definition. Let B be an F -base. By regularity of Λ, there exists an open set
V ⊃ B such that |Λ(V )− Λ(B)| < ε/#F . By continuity, finiteness of F and since
the action is free, there is a partition {C, V1, V2, . . . } of V such that C is closed on
V , each Vi is an open F -base and Λ(C) = 0 (C is the union of the boundaries of
the sets Vi. Finally, by the invariance of Λ,
1− ε < Λ(FB) ≤
∑
k
Λ(FVk) ≤ #F ·
(
Λ(B) +
ε
#F
)
≤ 1 . 
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Proposition 6.4. Let M and F be compact manifolds, and let h : pi1(M) →
Homeo(F ) be a homomorphism. Suppose that h(pi1(M)) is a Rohlin group, the in-
duced action of pi1(M) on F is free, and there exists an invariant regular probability
measure Λ on F . Then CatII(M˜ ×h F,Λ) = growth(h(pi1(M))).
Proof. The inequality CatII(M˜ ×h F,Λ) ≤ growth(h(pi1(M))) holds by Proposi-
tion 5.3. Now, let U1, . . . , UM be a covering of M by contractible open sets and let
p : M˜ ×hF →M be the projection from the suspension to the base space. We have
p−1(Ui) ≈ Ui×F for all i, obtaining a regular foliated atlas U for the computation
of the secondary Λ-category. Let ε > 0 and let S be a symmetric set of generators
of h(pi1(M)). By the Proposition 6.3, for each n ∈ N, there exists a sequence V nk
of mutually disjoint open Sn-bases (in F ) such that 1 ≥
∑
k Λ(SnV
n
k ) > 1 − ε.
Moreover Λ(
⋃
k V
n
k ) ≤ 1/#Sn by the invariance of Λ. By the regularity of Λ, there
is a compact subset Kn ⊂
⋃
k SnV
n
k such that 1 − 2ε < Λ(Kn) < 1 − ε; clearly,
Λ(F \Kn) < 2ε. For each k, consider the saturation sati(SnV nk ) of SnV
n
k on each
p−1(Ui) ≈ Ui × F ; these sets are open in the ambient space and they are clearly
tangentially contractible. The contractibility of Ui induces a tangential contraction
of sati(SnV
n
k ) to the transversal SnV
n
k , which in turn contracts to V
n
k by a homo-
topy induced by the holonomy maps in Sn. Thus, by compactness, there exists a
constant K independent of n such that all of these induced homotopies have length
≤ Kn. On the other hand, the saturations sati(F \K) in each p−1(Ui) contract to
F \K.
Therefore, for each n ∈ N, the family
{ sati(F \K), sati(SnV
n
k ) | i ∈ {1, . . . ,M}, k ∈ N }
is a covering of M˜ ×h F by tangentially contractible open sets, giving
Cat(F ,Λ,U ,Kn) ≤ 4Mε+ Λ
(⋃
k
Vk
)
≤ 4Mε+
M
#Sn
. 
Corollary 6.5. Let F be a lamination obtained by a free suspension of a group of
homeomorphisms G of a Polish space preserving a probability invariant measure. If
CatII(F ,Λ) 6= growth(G) then G is not a Rohlin group.
Example 6.6. The secondary Λ-category of a minimal foliation by hyperplanes
on the n-dimensional torus with the Lebesgue measure in a transverse circle is
[1, 2n, 3n, . . . ]. Thus the secondary Λ-category distinguishes the dimension of the
ambient manifold of these foliations.
Remark 6.7. The upper bound of Proposition 5.3 is an equality in the case of
Rohlin suspensions (Proposition 6.4), but not in general as shown by the following
simple example. Let (T 3,F1) be the foliation by dense cylinders and (T 3,F2) a
minimal foliation by hyperplanes. Consider the usual Lebesgue invariant measures
in a transverse circle in both cases. Let F = F1 ⊔ F2 on T 3 ⊔ T 3. We have
Cat(F ,Λ, k) ∼ 1
k
+ 1
k2
and CatII(F ,Λ) = [1, 2, 3, . . . ]. However, growthΛ(ΓF1⊔F2) =
growthΛ(ΓF2) = [1, 2
2, 32, . . . ].
7. Pseudogroup invariance
The nullity or the positivity of the Λ-category is an invariant of the holonomy
pseudogroup and the invariant measure [11], and the secondary Λ-category is de-
fined in the case of zero Λ-category. The aim of this section is to show the same
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kind of invariance for the secondary category. Consider the definitions and notation
of Section ??.
We recall here a result of topological dimension that will be useful in this section.
Proposition 7.1 (Dimensional trick [9]). Let X be a paracompact space of finite
topological dimension and let U be an open covering of X. Then there exists a
covering {V0, . . . , VdimX} of X such that each Vi is a union of a countable family
of disjoint open sets Vij and the open covering {Vij} is a refinement of U .
Definition 7.2. Let Γ be a finitely generated pseudogroup of local transformations
of a locally compact Polish space T . Let Λ be an invariant measure of Γ and suppose
that Cat(Γ,Λ) = 0. Let S be a symmetric set of generators of Γ. The length of
a map h ∈ Γ is the minimum integer k such that h can be locally expressed as a
composition of at most k elements in S.
A deformation of U ⊂ T is a map h : U → T that is combination of maps
hi : Ui → T in S∞ =
⋃
n Sn restricted to disjoint open sets; we may use the notation
h ≡ (hi). It is said that U = ⊔iUi is deformable if there is a deformation of U .
The pairs (Ui, hi) are called components of h. Thus, if h ≡ (hi) is a deformation of
an open set U ⊂ T and each hi belongs to Sk, then we say that the length of the
deformation is ≤ k.
Definition 7.3 (Secondary Λ-category of pseudogroups). With the above hypoth-
esis and notations, let
Cat(Γ,Λ, S, n) = inf
U ,hU
∑
U∈U
Λ(hU (U)) ,
where U runs in the family of open coverings of T , and, for each U ∈ U , hU ≡ (hUi )
runs in the family of deformations of length ≤ n of U . The secondary Λ-category
of (Γ, S) is CatII(Γ,Λ, S) = [1/Cat(Γ,Λ, S, n)].
Definition 7.4 (Compact generation [7]). Let Γ be a pseudogroup of local trans-
formations of a locally compact space T . It is said that Γ is compactly generated if
there is a relatively compact open set U in T meeting each orbit of Γ, and such that
the restriction H of Γ to U is generated by a finite symmetric collection S ⊂ H so
that each g ∈ S is the restriction of an element g of Γ defined on some neighborhood
of the closure of dom(g). The set S is called a system of compact generation of Γ
in U .
The holonomy pseudogroup of a lamination on a compact space is compactly
generated.
Definition 7.5 ([1]). A finite symmetric family E of generators of a pseudogroup
Γ of local transformations of a locally compact space T is said to be recurrent if
there exists a relatively compact open subset V ⊂ T and some R > 0 such that, for
any x ∈ Z, there exists h ∈ Γ with x ∈ domh, lengthE(h) < R and h(x) ∈ V .
Definition 7.6. According to the notation in Definitions 7.4 and 7.5, a pseu-
dogroup Γ is called a recurrent compactly generated pseudogroup if Γ is compactly
generated and recurrent, and there exists a recurrent system E of Γ such that
V ⊂ U , where U and V are like in Definitions 7.4 and 7.5, respectively.
Proposition 7.7. Let Γ be a recurrent compactly generated pseudogroup in a locally
compact Polish space T of finite dimension, let Λ be a Γ-invariant measure, let S
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be a system of compact generation in U , let H be the restriction of Γ to U and
let E be a recurrent system of generators of Γ on V ⊂ U . Then CatII(Γ,Λ, E) =
CatII(H,Λ, S).
Proof. Since E is recurrent and using the trick of Proposition 3.5, we can suppose
that we have a covering {U1, . . . , UN} of T and deformations hi : Ui → V with
lengthE(hi) ≤ R. Since U is relatively compact, and any g ∈ S extends to a
map g ∈ Γ defined in a neighborhood of U , it follows that any map g ∈ S is a
combination of maps in EK for K ∈ N large enough. Using the decomposition trick
once more, we obtain that any deformation of lengthS ≤ n induces, up to a null
transverse set, a deformation of length ≤ Kn relative to E for K ∈ N large enough.
We can suppose, as usual, that N = dimT + 1, and therefore
Cat(Γ,Λ,Kn+R,E) ≤ (dim T + 1) · Cat(H,Λ, S, n) ,
obtaining CatII(H,Λ, S) ≤ CatII(Γ,Λ, E).
The reverse inequality is easier by using the recurrency in E. There exists a
constant K ′ such that the composition f ◦ h ◦ g−1 of any h ∈ E with two returning
maps, f : Imh → V ⊂ U , g : domh → V ⊂ U , of length ≤ R relative to E is
of length ≤ K ′ relative to S for K ′ large enough. Therefore Cat(H,Λ,K ′n, S) ≤
Cat(Γ,Λ, n, E) since, locally,
hin ◦ · · · ◦ hi1 = fin ◦ hin ◦ g
−1
in
◦ · · · ◦ fi1 ◦ hi1 ◦ g
−1
i1
,
where fij and gij are returning maps of length ≤ R relative to E. 
Corollary 7.8. The secondary Λ-category of recurrent compactly generated pseu-
dogroups is independent of the choice of the recurrent set of generators.
Proof. If E and E′ are two different recurrent systems of generators for Γ relative to
open subsets V ⊂ U and V ′ ⊂ U ′, respectively, where U and U ′ are relative compact
sets associated to the systems of compact generation S and S′, respectively, and let
H and H′ be the restrictions of Γ to U and U ′, respectively. Then E′′ = E ∪ E′ is
another recurrent system compatible with V ⊂ U and V ′ ⊂ U ′. Therefore, by using
Proposition 7.7, we obtain CatII(H,Λ, S) = CatII(Γ,Λ, E′′) = CatII(H
′,Λ, S′). By
the same argument CatII(Γ,Λ, E) = CatII(Γ,Λ, E
′). 
Remark 7.9. According to Corollary 7.8, we can remove the recurrent set of gen-
erators in the notation of the secondary Λ-category of pseudogroups, using simply
CatII(Γ,Λ).
Proposition 7.10. CatII(Γ,Λ) is an invariant by measure preserving equivalences
between recurrent compactly generated pseudogroups with invariant measures.
Proof. Let Φ a measure preserving equivalence between recurrent compactly gen-
erated pseudogroups with invariant measures, (Γ, T,Λ) and (Γ′, T ′,Λ′). The pseu-
dogroup ΓΦ on TΦ = T ⊔ T ′ generated by Φ, Γ and Γ′ is recurrent and compactly
generated, and the combination of the measures Λ and Λ′, ΛΦ on TΦ, is ΓΦ-invariant.
So CatII(Γ,Λ) = CatII(ΓΦ,ΛΦ) = CatII(Γ
′,Λ′) by Proposition 7.7. 
Remark 7.11. The holonomy pseudogroup given by a regular foliated atlas of a
lamination in a compact space is recurrent and compactly generated. Observe
that the coarse quasi-isometry type of the orbits is independent of the choice of a
recurrent system of compact generation, which was the first reason to introduce the
concept of recurrency on compactly generated pseudogroups [1].
SECONDARY LS CATEGORY OF MEASURED LAMINATIONS 13
Proposition 7.12. Let (X,F ,Λ) be a lamination on a compact space with a trans-
verse invariant measure such that Cat(F ,Λ) = 0. Let Γ be the holonomy pseu-
dogroup of F on a complete transversal T . Then CatII(F ,Λ) = CatII(Γ,Λ).
Proof. Let U = {U1, . . . , UM} be a regular foliated atlas of F . The inequality
CatII(F ,Λ) ≤ CatII(Γ,Λ) is obvious since Cat(Γ,Λ, SU , n) ≤ Cat(F ,Λ,U , n, T ),
clearly. By using the dimensional trick (see Proposition 7.1), we can show that
Cat(F ,Λ,U , n) ≤ M(m+ 1)Cat(Γ,Λ, SU , n), where m is the dimension of X . Let
{Vi}i∈N be an open covering of T , a complete transversal associated to the atlas
U . Let sati(B) be the saturation of a set B relative to the chart Ui ∈ U . Of
course, {satj(Vi∩Tj)}i,j is an open covering of X . Now let D1, . . . , DdimX+1 be an
open covering of X such that Di =
⊔
j Dij , where the Dij are open and mutually
disjoint, and the whole collection {Dij}i,j is a refinement of {satj(Vi ∩ Tj)}i,j (by
Proposition 7.1). Let (k, l) = I(Dij) be the first indexes relative to the lexicographic
order such that Dij ⊂ satl(Vk ∩ Tl). Let Wikl be the union of sets Dij such that
I(Dij) = (k, l). Each set Wikl contracts to Vk by a deformation of length 0 (the
contraction of the chart Ul to its transversal) and therefore any deformation hi of
length n of Vi induces a tangential deformation H of each Wikl of length n such
that H(Wikl × {1}) ⊂ h(Vi). Hence∑
ikl
Λ(H(Wikl × {1})) ≤M(m+ 1)
∑
i
Λ(hi(Vi)) . 
Corollary 7.13. The secondary Λ-category of compact laminations with transverse
invariant measures is a transverse invariant (it only depends on the recurrent com-
pactly generated representatives of the holonomy pseudogroup with the corresponding
invariant measure).
8. Final comments
Many of the properties of tangential category and Λ-category can be adapted to
secondary Λ-category, like the upper semicontinuity [16] or the estimation by using
the measure of the leafwise critical points [11, 14].
Considering its relation with the growth of groups, secondary Λ-category is an
intermediate invariant which can interconnect analitical properties (and variational
problems) with (pseudo)group theory.
It can be used in both directions. The secondary Λ-category could provide
interesting results for the non-Rohlin dynamics.
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